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1. INTRODUCTION 
Let V be an n-dimensional vector space over an infinite field, 9 the flag 
manifold of V, u a unipotent transformation of V, and 1= (%, 3 E., 2 . ) 
the type of U, a partition of n whose parts are the sizes of the Jordan blocks 
for U. As is shown in [4, 7,8], and also below, the components of FU, the 
variety of flags fixed by U, correspond naturally to the standard tableaux of 
shape i. The purpose of this note is to show that the “relative position” of 
any two components of PU (in general an element of the Weyl group, in the 
present case an element of S,, (see [S] or [7])) is given, in terms of the 
corresponding tableaux, by the RobinsonSchensted correspondence. 
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We proceed to a fuller explanation. Let F= ( V, c V, c . . . ) be a flag 
fixed by U. As is easily seen (Lemma 2.3, below), for each k > 1 the type of 
u 1 Vk i is obtained from that of u 1 V, by decreasing some part by 1. Thus 
we may associate to F a tableau T of shape 1* filled in with the numbers 
from 1 to n, each used just once, so that for each k the subtableau T, sup- 
ported by the numbers from 1 to k has the shape of the type of ~1 V,. It is 
clear from the construction that T is standard: the numbers increase across 
the rows and down the columns. In the tableau shown, for example, ~1 V, 
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is of type 211 since T4 has rows of lengths 2, 1, and 1. As was mentioned 
earlier, the map F -+ T yields a bijection between the irreducible com- 
ponents of PU and the standard tableaux of shape 1, each fibre of the map 
being a dense open part of the corresponding component. 
For each pair of flags (F, F) the position of F relative to F, or, 
equivalently, the GL( V) orbit of the pair (F,F’), may be defined as the 
unique permutation u’= w(F, F) with the following property. If 
F=(V,cV,c ... ) and F = ( V0 c V’, c . ) then there exists a basis 
i c,, v2, . . . . v,,} of V such that {or, v2, . . . . vi} is a basis of Vi and 
jc.,d, V,d, ..., v,,.~} is a basis of k’j for all i and j. The existence and uni- 
queness of such a M‘, which is the essence of the Bruhat lemma for GL( V), 
are easily proved by induction on n [6, Lemma 2.11. 
On the other hand, the permutation u’= w( T, T’) associated to a pair of 
standard tableaux of the same shape by the Robinson-Schensted 
correspondence is defined by the following algorithm (see, e.g., [ 1, 31, 
where other references can be found). From T’ remove the number n (and 
the box that contains it). Then take the number which is in the same 
position in T as n was in 7” and move it up one row to displace the largest 
number in that row that is smaller than it; use the displaced number to dis- 
place a number in the next higher row according to the same rule, and so 
on, until a number, say r, is displaced from the first row; set w(n) = r. 
Repeat the process on the two tableaux of size n - 1 produced by the first 
step to get N(II - 1 ), and so on, to get the required uj, usually written as a 
word LV( 1) pi.. . M(H). For example, if T is the tableau in the diagram 
above and T’ is obtained from T by interchanging 4 and 5, then, as the 
reader may verify, the word works out to 45132. 
We can now state our theorem precisely. 
THEOREM 1.1. Let 9 be thejlag manifold on V, and u = u(A) a unipotent 
transformation as above. Let T and T’ he standard tableaux of shape 3, and C 
and C’ the corresponding irreducible components of FU. Then for generic 
elements F and F’ of these components, i.e., ,for elements in suitable dense 
open subsets, we have w(F, F’) = w( T, T’). 
The main lemma in our proof of Theorem 1.1 runs as follows. 
LEMMA 1.2. Let F=(V,c V,c ...) and F’=(Vbc V;c ...) be as in 
1.1. Let F’, be the subjlag (Vbc V’, c ... c VnP,) of F, and F, theflag on 
v:,- I defined thus: tfr is the smallest number such that V, k V, _ , , then the 
components of F, are Wi E Vi n V, _ , (i # r) (and hence are labeled by the 
numbers <n with r excluded, rather than by the numbers <n - 1). Then the 
tableaux corresponding to F, and F, are obtained from those corresponding 
to F and F’ by the first step qf the RobinsonSchensted algorithm. 
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The theorem was obtained by us in 1976, as is mentioned in [7, p. 2211. 
We had hoped to consider the situation in the other classical groups, but 
time has passed us by with the appearance, among other things, of the 
comprehensive treatise [S]. A proof of the theorem can also be found there 
(as Proposition 119.8) but in that proof the Robinson-Schensted process 
occurs only implicitly through some of its derived properties rather than in 
the direct and explicit manner provided by our main lemma. Therefore we 
feel that the publication of our proof is still worthwhile. 
2. PRELIMINARIES 
The material in this section can also be found in [4, 7, 81. It is given here 
to make the present paper as self-contained as possible. We let u = u(%) be 
as in Section 1 and set N = u - 1, a nilpotent transformation of V. 
LEMMA 2.1. A hyperplane W of V is stable under N (or u) if and only if 
WX NV. 
For, if W is stable then N acts nilpotently, hence as 0, on V/W. 
LEMMA 2.2. For each k 3 1 M’e have: 
(a) The codimension of ker Nk-’ in ker Nk equals the number of parts 
of A of size > k. 
(b) The codimension of NV + ker Nk ’ in NV + ker Nk equals the 
number of parts of I. of size k. 
Both parts are easily seen to hold on each Jordan block for N and hence 
on all of V. 
LEMMA 2.3. Let W be an N-stable hyperplane andj the unique index such 
that WI ker Nip ’ and W ~5 ker N’. Then some part, ,I,, of 1. equals j. If i is 
the largest index with this property, i.e., (f i is the number of parts of A of size 
>j, then the type %’ of u 1 W is obtained from I. by decreasing l.i by 1. 
By Lemma 2.1 the left side of part (b) of Lemma 2.2 is positive when 
k =j so that 2 contains a part of size j. On intersection with W the 
codimension in Lemma 2.2(a) changes only if k = j and then it goes down 
by 1. Thus II’ is obtained from 1 by decreasing some part of size j by 1, the 
last such part since the parts of 1’ are to be written in decreasing order. 
Now if T is any standard tableau of shape 1 we can see how the subset 
C(T) of FU consisting of the flags whose corresponding tableau is T is to be 
constructed. Let n occur in the (i, j) position of T, so that Ai is the last part 
of II of size j. Then by Lemma 2.3 the component V,, , of our flag can be 
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any hyperplane which contains NV+ ker Nip ’ but does not contain 
NV+ ker N’; then VnP2 is to be chosen to satisfy the same conditions with 
V, N, . . . replaced by V,,+ , , NI V,- , , . . . . and so on. The possibilities for 
VP, I > for example, correspond to the points of a dense open part of the 
projective space P( V/(NV+ ker Nip ‘)) whose dimension is i - 1 by Lemma 
2.2(b). It follows that C(T) is an irreducible algebraic variety with a con- 
tinued libration by dense open parts of projective spaces of total dimension 
C(i - 1) A, summed over i, since this equals C(i - 1) summed over the 
squares of T. Since this depends only on A and not on T, it follows that 
C(T) is a dense open part of an irreducible component of PU and that we 
have produced a bijection between the standard tableaux of shape A and 
the irreducible components of FU, as was mentioned in the Introduction. 
3. PROOF OF THEOREM 1.1 AND LEMMA 1.2 
Two further lemmas precede the proof proper. 
LEMMA 3.1. For fixed k with 1 < k Q R, let W be a hyperplane generic 
relative to: W is N-stable and WX ker Nk- ‘. Then NI W is of the type 
spec$ed by Lemma 2.3 with A, = j the last part of ;I of size 2 k. 
Let j be the number just specified. It exists because k<i,. It follows 
from Lemma 2.3 and the choice of j that NV+ ker NkP ’ = 
NV+ ker N’-’ s NV+ ker N’. Thus W contains the second term, but 
generically does not contain the third, so that Lemma 2.3 applies. 
LEMMA 3.2. Let W be an N-stable hyperplane with NI W of the type i’ 
spec$ed by 1.; -+ i, - 1 as in Lemma 2.3, and X an N-stable hyperplane 
which is generic relative to this property. 
(a) If i = 1 then X = W; i.e., there is a unique hyperplane of this type. 
(b) Zfi> 1 then X# W, and ifwe set Y=Xn W, then the type I,” of 
NI Y is obtained from A’ by decreasing ;liP, by 1. 
The hyperplanes containing NV+ ker Nj- ’ form a projective space of 
dimension i- 1, as was mentioned towards the end of Section 2. Thus (a) 
and the first point of (b) hold. Now we have (*) Y is a hyperplane in W 
and Y 3 NW + ker N’- ’ 1 W. Since the last part of A’ of size aj is E.,- i it is 
enough by 3.1 to show that Y is generic relative to (*), hence enough to 
show that each Y which satisfies (*) is the intersection with W of some X 
which satisfies the original conditions. Now Y ~5 W, and Y ~5 ker Nj since 
W ~5 ker Nj. Thus there exists a hyperplane X in V such that Xx Y, 
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X# W, and X ~5 ker N’. The required properties of X are all immediate, 
except possibly for the N-stability which follows by Lemma 2.1 from 
NV=N(W+kerN’)zNW+kerNj ‘cYcX and kerNI-‘c W. 
We come now to the proof of our main lemma, Lemma 1.2. Let T, be 
the tableau corresponding to F,, thus labeled, as F, is, with the numbers 
from 1 to n with Y missing. The key point here is the following. (*) In the 
transition from T to T, let some number m, originally in the (i,j) position, 
move. (a) If i = 1 then m = r and m disappears from the tableau. (b) If i > 1 
then 172 moves up one row and displaces a smaller number there. Recall 
that r is the smallest index such that V, 6 VI, ,. It follows that W, = V, 
for all k < r, so that each such k occupies the same position in T, as in T. 
Thus 177 3 Y. Assume m > r. Since W,,, c V,,, it follows that m remains in the 
subtableau T,,, and hence moves into T,,, , where it must displace a smaller 
number. Similarly each number less than m - 1, other than r, stays in 
T,,, I Hence W,,, is a hyperplane in V,,, of the type specified by Lemma 2.3 
with (i,,j) as above and V, W, in Lemma 2.3 replaced by V ,,,, W ,,,, . . . . But 
clearly V,,, , is also of this type, and V,,, , # W,,, since V,,, ~, d Vi, , , 
because m - 1 3 r. By Lemma 3.2(a) we have i> 1, under our current 
assumption that m > r. In other words, if i = 1 then m = r. Now assume that 
i> 1 and that V,,, , is chosen generically in V,?,, assuming, by induction, 
that V,,, has already been chosen, with V:, , kept fixed throughout the 
discussion. Then by Lemma 3.2(b), since W+ , = V,,,- , n W,,,, the type of 
N 1 W,,, , is obtained from that of NI W,,, by decreasing the (i - 1 )th part by 
1. Thus 111 lies in (i - 1 )th row of T, and (*) is proved. 
Now let n occupy the (i,j) position in T’ and let m be the number in this 
position in T. It follows from (*) that, in the transition from T to T,, the 
number m moves forward one row to displace a smaller number, which in 
turn displaces a smaller number in the row just above it, and so on, until 
finally the number r is displaced from the first row and removed from the 
tableau. No other number of T can move, for if one did it would create 
another chain of displaced numbers leading to the first row and hence 
including r by (*) (a), which is impossible since different numbers in T 
cannot move to the same position in T,. Finally, since the tableau T, is 
standard, at each stage of the chain the number displaced is the largest 
number in that row smaller than the displacing number, so that the first 
step of the Robinson-Schensted algorithm has been achieved, and Lemma 
1.2 is proved. 
It seems that Theorem 1.1 now follows at once, but this is not quite the 
case since, if n > 3, then F, in Lemma 1.2 need not be generic relative to its 
tableau even though each of F and F is so. However, we can finish the 
proof as follows. For each permutation it’= M?( 1) w(2). w(n) and for all i 
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and ,j from 1 to n let d,,(w) denote the number of p’s from 1 to n that satisfy 
p <.j and IVY < i. Here w can be recovered from the matrix (d,(w)) since, for 
each j, M?J is the smallest i such that d,; # d,, , . We introduce a partial order 
in S,, : w 3 M” if and only if d,,(w) < d,,(w’) for all i and ,j. Now let F and F 
be any two flags in V and M’ their relative position, as defined in Section 1. 
Using a corresponding basis of V, we see that (*) d,(w) = dim( Vi n VI). 
Now the pairs of subspaces of V which satisfy (*) with i,j, and d,, arbitrary 
fixed numbers form an irreducible variety whose closure consists of those 
which satisfy d,(M,)<dim( V,n Vi). It follows that for fixed us the pairs of 
flags (F, F) which satisfy (**) w(F, F) < w form a closed set. This is 
actually the closure of the set for which equality holds [2, Proposition 7.11 
but we shall not need this fact. Returning to the proof of Theorem 1.1, we 
see by Lemma 1.2, the inductive assumption in Theorem 1.1, and (**) 
above that w(F, , F’,) < \v( T,, r; ), and then putting the number Y at the 
ends of these words, that w(F, F’) < UJ( r, T’). But in the latter inequality 
each element of S,, occurs exactly once on the left as A runs over the 
partitions on n and (C, C’) over the pairs of irreducible components of 
5$,,,.) (see [7, Theorems 3.5, 3.61) and exactly once on the right as (r, T) 
runs over the pairs of standard tableaux of the same shape (see [3]). Thus 
)I’( F, F) = u,( T, T). The theorem is proved. 
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